The retrieval of Green's function of scalar waves for a given medium is possible from the cross-correlation function (CCF) of noises in the equi-partition state. For making such a state, there are two typical ways to illuminate receivers: one is an illumination by noise sources randomly distributed on a surrounding spherical shell with large radius compared with the receiver separation; another is an illumination by the randomly homogeneous distribution of noise sources. In both cases, the wave velocity can be well evaluated from the peak lag time of the noise CCF. Furthermore, it is interesting whether Green's function having coda in a scattering medium is retrieved from the noise CCF. We proved Green's function retrieval for the former case in a previous work. Here, using the first-order Born approximation, we mathematically shows the retrieval of Green's function having coda in a scattering medium with small dissipation from the noise CCF for the latter case. A model for the scattering medium is mathematically given by a distribution of velocity anomalies represented by delta functions. Using the prolate spheroidal coordinates for the integration over the distributed noise sources, we prove that the derivative of CCF with respect to lag time is proportional to the convolution of the noise source auto-correlation function and antisymmetrized Green's function that has a coda tail caused by single scattering and an exponential decay term caused by dissipation. We note that Green's function retrieval is possible for this type of noise distribution even though the time reversal symmetry and energy conservation are broken.
I N T RO D U C T I O N
The peak lag time of the cross-correlation function (CCF) of ambient noises at two receivers gives the wave traveltime. Coda waves having an omni-directional ray distribution are also appropriate for the CCF analysis for the estimation of wave propagation velocity (Campillo & Paul 2003) . The idea to use noise/coda CCF as a tool of passive imaging has been used for the velocity tomography analysis (Shapiro et al. 2005) and for monitoring the medium parameter change (e.g. Curtis et al. 2006) . Computing the correlation of seismogram coda recorded at different periods, Wegler et al. (2006) reported an increase of shear wave velocity of 0.08 per cent before the 1998 eruption of Merapi volcano, Indonesia. Applying the phase spectral analysis to records including coda of repeated artificial explosions, Nishimura et al. (2005) found that the average seismic velocity of the crust in the frequency range of 3-6 Hz decreased by about 1 per cent around the focal region of an M 6.1 earthquake in northeastern Honshu, Japan in 1998. Recently, Wegler & Sens-Schonfelder (2007) detected a sudden decrease of relative seismic velocity of 0.6 per cent in the crust from the analysis of coda phases in the auto-correlation function (ACF) of microseisms before and after a crustal earthquake in Japan. These observations suggest that it is important to clarify the meaning of the coda portion of cross-correlation function (CCF) in relation with scattering process in the heterogeneous earth medium.
There have been several theoretically attempts to show how Green's function is retrieved from the noise CCF. The retrieval of Green's function is successful when two receivers are illuminated by distant surrounding noise sources (e.g. Weaver & Lobkis 2004; Wapenaar & Fokkema 2006) or noises are composed of omni-directional waves (Sanchez-Sesma et al. 2006) , which is a kind of extensions of the SPAC method (Aki 1957) to a large receiver separation compared with the wavelength. This is a realization of the equipartition state in the wavenumber space. This model well fits to the case that receivers are located on an island and microseism noise sources are generated in 760 H. Sato the surrounding ocean. Nakahara (2006) precisely examined the cases that the noise source distribution is not spatially homogeneous. Halliday & Curtis (2008) precisely studied Green's function retrieval of surface waves when the distribution of noise sources is not homogeneous on a ring enclosing receivers. Using a distribution of delta function velocity anomalies for a scattering medium, Sato (2009) recently showed the retrieval of Green's function having coda for a scattering medium without dissipation which is illuminated by noise sources randomly distributed on a surrounding spherical shell on the basis of the first-order Born approximation.
There is another way to make the equipartition state for scalar waves: randomly homogeneous distribution of noise sources. For this type of noise distribution, Snieder (2004) and Roux et al. (2005) showed Green's function retrieval from the CCF in a homogenous medium. For multiple scattered waves in coda waves in the diffuse state, last scattering points could be interpreted as a random distribution of pseudo-noise sources (Snieder 2004) . The excitation of microseism caused by meteorological disturbances in ocean could be considered as this kind of noise sources. Gouédard et al. (2008) mathematically shown Green's function retrieval from CCF for a scattering medium by using a spectral projector under the condition that the equi-partition at boundaries of the region of interest.
To clarify the physical process how Green's function for a scattering medium is retrieved from the CCF of noises, it is necessary and useful for us to examine the retrieval process for a simple concrete scattering medium model for this type of noise distribution. Here, we study a distribution of delta functions for velocity anomalies as a scattering medium as used in Sato (2009) . Extending the calculation done by Roux et al. (2005) for a homogenous medium to a scattering medium, we precisely examine how each scattering term of Green's function is retrieved from the CCF on the basis of the first-order Born approximation.
G R E E N ' S F U N C T I O N F O R A S C AT T E R I N G M E D I U M W I T H D I S S I PAT I O N
According to Sato (2009) , let us imagine a distribution of velocity anomalies D S with the maximum radius R S in a 3-D homogenous medium with background velocity V 0 (see Fig. 1 ). We here newly introduce small dissipation κ. When the spatial dimension of each velocity anomaly d is much smaller than the wavelength, we may write the inhomogeneous velocity by using a delta function as
where ε j is a small parameter characterizing the jth anomaly at location y j . We may write the wave equation for real scalar wave field φ for an external force term N as
where terms with higher orders of ε j and κ are neglected. Green's function satisfies the above equation for a delta function source term
Using the first-order Born approximation, we solve this equation by the perturbation method with respect to ε j . First, we write Green's function as a sum of two terms Then, a small perturbation term G 1 satisfies
where higher order terms containing a product of G 1 and ε j are neglected. These equations can be easily solved in the angular frequency domain. We define the Fourier transform for a time window with length
iωt dt, where a hat means the Fourier transform with respect to time. Taking the Fourier transform of (3), we have
where wavenumber k 0 = ω/V 0 . We can easily solve the direct Green's function in the ω space aŝ
where r ≡ |x|. This solution represents outgoing wave with distance, where dissipation is given by an exponential decay. Solving the Fourier transform of (4) by using iteration, we have the single scattering Green's function aŝ
Then the total Green's function for a receiver at x A = (0, 0, h AB /2) and a source x B = (0, 0, −h AB /2) on the z-axis with a separation h AB is given bŷ
where
The second term shows that coda waves composed of single isotropic scattering due to point like scatterers. The retarded Green's function in the time domain is written as
where double dots mean the second derivative with respect to time.
D I S T R I B U T I O N O F N O I S E S O U RC E S I N I N F I N I T E -D S PA C E
We study the case that stationary noise sources with the spectrumN (x, ω) are distributed in infinite 3-D space (see Fig. 1 ). Waves at two locations x A and x B excited by those noise sources are written aŝ
We imagine an ensemble of noise sources {N }. When the spatial distribution of noise sources is randomly homogeneous and isotropic and each stationary noise source has the same power spectral densityŜ N (ω), we may write the ensemble average of noises as
This representation means that noise sources at different locations are incoherent. Taking the average of the CCF of waves at two receivers A and B over the ensemble of noise sources, we have
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Substituting (8) into (12) and neglecting the second and higher order terms of ε j , we may write the integral as 
where r Ax = |x A − x|, r Bx = |x B − x| and r j x = |y j − x|. Noise sources on a hyperboloid r Ax − r Bx = V 0 τ coherently contribute to the cross correlation function at lag time τ . Therefore, it is convenient for us to use the prolate spheroidal coordinates (w, v, φ) having x A and x B as the foci (Morse & Feshbach 1953, p. 661; Sato & Fehler 1998, p. 46 )
where the coordinate ranges are −1 ≤ w ≤ 1, 1 ≤ v < ∞ and 0 ≤ φ < 2π . Parameters w and v determine a hyperboloid and an ellipsoid scaled by the receiver separation as r Bx − r Ax = h AB w and r Ax + r Bx = h AB v, where
The infinitesimal volume element is dx = (h AB r Ax r Bx /2)dvdwdφ. By using prolate spheroidal coordinates, we can perform the first integral in (13) as 
where the effective integration range κ −1 should be larger than the receiver separation h AB . This integral was done by Roux et al. (2005) .
Geometrical decay factor 1/h AB is correctly derived. Correct phase factor exp(ik 0 h AB ) comes from the integral of coordinate w. Exponential dissipation factor exp(−κh AB ) is derived from the integral of coordinate v, where the lower bound v = 1 corresponds to a line between two receivers. Integrals I A and I B are easily evaluated since the noise source distribution is randomly homogeneous, that is, translation invariant. For the second integral I A in (13), using new prolate spheroidal coordinates with foci at each pair of receiver A and the jth scatterer, we have
where κ −1 > h A j , that is, the effective radius should be larger than the separation of any receiver-scatterer pair. Taking the same way for the third integral I B , using new prolate spheroidal coordinates with foci at receiver B and the jth scatterer, we have where κ −1 > h B j for any j. Fig. 2 shows a schematic illustration of ellipsoids (sections of isochron spheroids) for three receiver-scatterer pairs. Therefore, using (16)- (18), we can evaluate (13) as follows:
We find that all the geometrical decay factors, phase factors and dissipation factors correctly appear not only in the direct term but also in the single scattering term of the order of ε j . We note the condition that the effective distance range should be larger than the dimension of the scattering medium:
Substituting (19) into (12) and taking the derivative of the CCF with respect to lag time, we have
where S N (τ ) is the ACF of noise source, and we usedĜ(
. If the noise spectrum is white,Ŝ N (ω) =Ŝ 0 , the noise ACF is a delta function of timeŜ 0 δ(τ ) and the right-hand side of (20) becomes antisymmetric with respect to lag time
Thus, we have successfully shown that Green's function retrieval when the scattering medium and two receivers are illuminated by a volumetric random distribution of noise sources. Both scattering and intrinsic absorption factors are rigorously retrieved on the basis of the first-order Born approximation. This is the direct consequence of the proportionality relation (19).
D I S C U S S I O N
The resultant relation (20) for a scattering medium is an extension of Roux et al. (2005) for a homogenous medium. This mathematical model shows that Green's function retrieval is possible even though the time reversal symmetry and energy conservation are broken (Snieder 2006) .
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For the case that scatterers of the same type and receivers are illuminated by noise sources distributed on a surrounding spherical shell, Sato (2009) succeeded in the retrieval of Green's function. The proportional relation (19) including single scattering terms was derived by using the first-order Born approximation in the case of no dissipation. In the case of the presence of dissipation, however, this relation cannot be derived since the addition theorem does not applicable because the distribution of amplitudes is not uniform in space due to dissipation. We note that Halliday & Curtis (2009) studied Green's function retrieval of scattered surface waves in a scattering medium with dissipation. They showed a small deviation in coda amplitudes of the CCF from Green's function because of the presence of dissipation.
This study is limited to the case of single scattering, however, it will be necessary for us to examine the retrieval of Green's function having multiple scattering terms of higher orders. We used a model composed of delta function anomalies; however, it will be necessary to examine different types of anomalies that lead to non-isotropic scattering and phase shifts depending on frequency. On the basis of this model, we will study the retrieval of Green's function from the CCF of multiple scattering coda waves in a scattering medium.
C O N C L U S I O N
We have theoretically studied the retrieval of scalar Green's function having a coda tail for a scattering medium with small dissipation from the CCF of waves, where the scattering medium is mathematically given by a distribution of small velocity anomalies represented by delta functions. Equipartition state is established when waves are generated from a randomly homogeneous distribution of stationary noise sources. According to the first-order Born approximation, the derivative of CCF with respect to lag time is given by the convolution of the noise source ACF and the antisymmetrized Green's function that has a coda tail caused by single scattering and an exponential decay term caused by dissipation.
